
Ground stale in the limit hey D I
:-

This limit is much more interesting .
first

set J = O
.

H =  - he § 1152 with IIX =L
.

The Gauss law constraint comminutes with H

⇒ H =
- HEIDT 2e -

ZIT
x ie .

the

+

constraint can be implemented energetically

if one is interested only in the ground

state and low lying excitations
.

One can

even set h= I
.

Therefore
.

we consider

H =  
- § DT2.

-

III
,

X
.

This is

+

was -

Kitner 's toric code model
.

Hs



Ground state on a plane :

-
To find the ground state

,
let's first work in the

X - basis . Any configuration that minimizes the

Hs
term corresponds to a closed loop config .

e.

HE .IM#e.IE#e.---

where red line indicates X = - I on the corresponding link
.

otherwiseX=ti
. Acting with a single term inHpe.g . IT 2 On a specific site generates another

D

closed loop config C this is because Ks and Hp communed
.

It is natural to guess that a ground state is

A superposition of such close loop con figs .
Intent ,

the only way to make it work B to superpose

closed loop conh.gs . with equal weight  :

I g. s . > = §10 >

One
way to write the explicitly is : .

Chose a

reference state 1407 = Till→ >
i

ie
.

all spins

pointing along

TX
- direction

.
Then

,



i

"YH
One can also work in the 2 - bases .

The config .

that minimize Hp look like :

H#¥÷¥÷#I¥i¥÷⇒
IT IT IT

where red links correspond to 2=-1
. Again , they

are closed loop config . but now on the dual

lattice .

The
goes .

in this basis can be

written as :

Iggy = IT
It#

HII*I
1453 where

t

Iyo
' > = ItTS

i i . e .
all - up config .

.



Ground stoles on a torus :

One ip÷te wave - fu  of the form

IdtTf231487 or I,
Attilio :> is that it  only

Superposes closed loop coutigs . that have identical

purity of the winding number along non - contra -

- title cycles on a torus :

'

y
'

¢
I

E#¥tF#ft+E#et
. .

.

Y I I

Therefore one can construct

In
orthogonal

ground States on a torus
, corresponding to

different parity of the winding along a. g. directions

' "  "

EIEft.FI#tfntHIE*+---

" " " F€fEEttFEEftnfFIFTIETH . - -



" " "

FHE#⇒t.FI#hffEtEHE*t---
"

"
"FEKETEt.IE#EtffEnttiTEHEnfnet

.  . - -

-

Large B small garage transformations :

-

If one were to instead work with a swage

theory ie .

H = Hp with the Gawk law

constraint IX
= I imposed on the thilbertspaee .

then the stales related by garage transformation

are identical .
The ground States on torus are

ofoowrse identical to what we found above .

The

different ground slates have the same Cie .

Zero ) flux through each plaque tee Cin the

2- basis ) ,
but cannot be related to each

Other by a local garage transformation .

e. g . there is no way to go from a



config . shek as :

t¥÷¥t*F#¥¥
A

by a local C " small 's ) gauge transformation .

Such transformations that relate these two

config s . are called
b large guage

transformations ?

-

Excitations above the ground state :

-

There are two binds of excitations in the

toric  code : electric charge C violation  of

Hs ) and magnetic flux Criolation of Hp )
.

The electric charge e sits on a vortex

And magnetic flux m
"

'  -
- - plaque .

e
: t#=

This the e - excitations are created by an

operator T2 along a line which flips

×→ - × along the line and creates e - changes

at the end - points of the line .



m in 2 - basis

an.omM¥f .are created by an un

Operator TIX along
m

a live on the dual - lattice , and it creates

-

two m - excitations ,
located at the end

plagues of the line .

=

Self - statistics of e and m excitations :

- -

As discussed above , an e excitation located at

locationr→ can be moved to F '

by an

operator of the form The where the line

e

I goes from it to 7
.

Since all 2

Operators commute with each other
,

exchanging two e excitations does not

yield any phase I sign ⇒ e excitations

are self - bosons .

Similarly m excitations are moved around by

Operator of the foam Tex and by Same

reasoning . they are also self - bosons .



Mutual statistics between e and m

particles :

<
Consider an intial

state le ,
m ) where the

e :c::±÷÷::
now drags the e particle

around the M particle and

brings in back to  its original location Cm

particles position is unchanged devouring this process )
.

The new wave - for  is ft2e le ,
my where

FTR acts along the path followed by the e - Particle
.

By stakes thin
.

teres is same as :

•

If
#2) le.ms where the product B

taken over all plaque Hes inside the loop .

Since there is a single m particle inside

the Hoop ,
one and only one Playmate satisfies

DT2, le , m ) =  - le .ms while for all others ,

BIZ le , my = t le
, my ⇒



IT #2) le.ms =  
- le .ms

.

D E O

Therefore .
the e and the m particles

have a mental statistics of  - I
.

One needs

to be a bit careful with the above argument .

To be precise ,
one should compare the Berry

phase for a process
when e - particle goes

Around the same path as above ,
but

wilt
any m - particle inside the loop .

The relative sign of these two processes
is

the Berry phase corresponding to braiding .

However .  in this specific problem ,
if there

was no m - particle inside the loop  . then

•ITO #2) le , my = t le ,
m > by the

Same argument as above .

Thus .
the

relative Berry phase - and hence the

braiding statistics is indeed - I
.



Space - time picture of braiding :

#

. .
=

=

Thus . braiding corresponds to interlinked

trajectories in space - time
.



self-statish-csoftheboundstakoyle.tn#

To determine this .
we need to exchange

a bound state of em with another bound

state of em :

*
Topologically this is same as

C because both e

and M are self - bosons)

¥.At -=D#
⇒ the exchange of two em bound stases

yields the same sign as taking que e

particle around another m particle ⇐braiding ) .

⇒ One picks up a sign of  - I under exchange
⇒ em bound state is a fermion !


